Measuring and forecasting volatility of asset returns is very important for asset trading and risk management. There are various forms of volatility estimates, including implied volatility, realized volatility and volatility assumed under stochastic volatility models and GARCH models. Research has shown that these different methods are closely related but have different perspectives, strength and weakness. In order to exploit their connections and take advantage of their different strength, in this paper, we propose to jointly model them with a vector fractionally integrated autoregressive and moving average (VARFIMA) model. The model is also used for forecasting purpose. In addition, we investigate the impacts of the two realized volatility estimators obtained from intradaily high frequency data on the forecasts of return volatility. Our methods are applied to five individual stocks and forecasting performances are compared with those from a GARCH(1,1) model and a basic stochastic volatility (SV) model and their extended versions. The proposed VARFIMA model outperforms other volatility forecasting models in this study. Our results show that including the two different realized volatility estimators obtained from the intradaily high frequency data in the VARFIMA model imposes significant impacts on the forecasting precision for return volatility.
Introduction
Modelling and forecasting the return volatility of financial assets have drawn significant attention from both academia and financial industry due to its importance in asset pricing, volatility-related derivative trading, and risk management. However, volatility cannot be directly measured and has to be inferred from the underlying asset returns or the option prices observed in the market.
Various models and methods have been developed for measuring volatility, based on available data and assumptions. Among them, there are four major types of measures and their extensions. Implied volatility (IV) is the volatility implied by the observed option prices of the asset, based on a theoretical option pricing model, for example, the seminal Black-Scholes-Merton model (Black and Scholes, 1973a; Merton, 1973) or its various extensions including Black (1976) , Cox et al. (1979) , and Hull and White (1987) , among many others.
Realized volatility (RV) uses intra-daily high frequency data to directly measure the volatility under a general semimartingale model setting, using different subsampling methods (Andersen and Bollerslev, 1998; Andersen et al., 2001; BarndorffNielsen and Shephard, 2002; Dacorogna et al., 2001; Zhang et al., 2005; BarndorffNielsen et al., 2008) . Engle (1982) and the generalized ARCH model (GARCH) by Bollerslev (1986) assess latent volatility process based on the return series of a financial asset, assuming a deterministic relationship between the current volatility with its past and other variables. The stochastic volatility model (SV) extends the ARCH/GARCH model by including randomness in the inter-temporal relationship of the volatility process. For a sample of literature on this topic, see Hull and White (1987) , Scott (1987) , and Wiggins (1987) . In addition, Bollerslev et al. (1994) , Ghysels et al. (1995) , and Shephard (1996) provide reviews on ARCH/GARCH-type and stochastic volatility models.
The Autoregressive Conditional Heteroscedasticity model (ARCH) by
The aforementioned approaches provide closely related but different volatility measures. Each of them have their strength and weakness. On the one hand, both ARCH/GARCH-type and SV models successfully capture the temporal dependence in the volatility process. However, they cannot accommodate the intra-daily variability in the asset returns and tend to have poor forecast for ex-post squared returns over a day or longer time horizon. In contrast, by construction, daily realized volatility naturally contains the information about the intra-day variations which ARCH/ARCH lacks. The realized volatility by itself, however, cannot tell us the inter-temporal dependence of the volatility process across days or longer horizon. Finally, implied volatility cannot directly measure the variability of an underlying asset returns, it does reflect, to some degree, the (options) market's expectations on the asset volatility. In order to exploit the relationship of different volatility measures and take advantage of their strength, in this paper we first investigate the characteristics of the volatility measures from the four approaches. Our study shows that the relationship between the measures are closer than previously recognized in the literature, with no apparent leading terms. Such an observation indicates a joint vector modelling approach, instead of a transfer function type of modelling in which one variable is the output and others are input. In addition, all of these four volatility measures display certain long memory characteristic.
The above preliminary findings provide the motivation of modelling the volatility measures jointly using a vector time series model. We consider two groups of measures: one including GARCH(1,1) volatility, realized volatility and implied volatility (model I), and the other including the SV volatility, realized volatility and implied volatility (model II). To capture the long memory characteristics of the volatility processes, a vector fractional integrated ARMA model (VARFIMA) is used. Fore-casting performance comparison is then carried out with real data. It shows that the proposed model indeed produces improved forecasting performances. It is noted that the long memory behavior of the volatility process can also be modeled by a regime switching process (Hidalgo and Robinson, 1996) but it is beyond the scope of this paper.
It is important to mention that there are studies that combine different volatility measures for better modelling and forecasting performance. For example, Andersen et al. (2003) found that by incorporating the realized volatility measure based on fiveminute returns, volatility forecast improved over the conventional GARCH forecast.
Our current paper adopts an improved measure of realized volatility, called two-scale realized volatility (TSRV, Zhang et al. (2005) ). TSRV is computed from tick-bytick intra-day returns -a much denser and richer returns series -and it corrects the bias from the market microstructure noise which is typically present in the high frequency data. The enhanced accuracy in TSRV over conventional RV should provide further improvement in volatility forecast. Also in the literature, by introducing lagged realized volatility and implied volatility in the basic GARCH and SV models, Koopman et al. (2005) found that the inclusion of realized volatility in GARCH improved the forecasting of the daily return volatility, whereas the incorporation of implied volatility in GARCH and SV model helped very little. Different from Koopman et al. (2005) , we model the volatility measures jointly and thus are able to capture the long memory characteristics of the process.
The rest of the paper is organized as follows. Section 2 provides some preliminaries, including details of the volatility measures used in the paper, a description of the data set used in our study and some findings on the structures and relationships of the measures. Section 3 introduces a VARFIMA model for the volatility measures and provides details on the model estimation approach. Section 4 compares the one-day and five-day ahead out-of-sample return volatility forecasts using the proposed model with some existing volatility forecasting models. Section 5 contains a brief conclusion and remarks.
Preliminaries

Volatility Measures
Our study focuses on four different daily volatility measures, namely implied volatility, realized volatility, volatility based on a GARCH model and that based on a stochastic volatility (SV) model. Details are as follows.
(i) Implied Volatility
Implied volatility (IV) of an underlying asset is the volatility implied from its option prices observed in the market. It is typically derived from calibrating a theoretical option pricing formula against the market price of the option. Because an option with different strike price (or expiration date) can yield a different IV, an IV index is often calculated from a weighted average of IVs of various options and serves as a representative IV measure in practice. We used IV index provided by IVolatility.com, where the weighting scheme takes into account of the delta and vega of each participating option. For basic concepts in options pricing, we refer to Hull (2008) .
(ii) Realized Volatility
Realized volatility (RV), different from the implied volatility that conveys the market's assessment of future volatility, measures the market's historical volatility in the past.
They are constructed by using intra-daily high frequency data. In this study we use two different versions with the intention to exploit their differences in forming volatility forecasts. Both of them assume that the logarithmic (efficient) prices of a financial asset follow a semi-martingale process. This rather general assumption is required by the no-arbitrage law in financial theory.
Specifically, let G be a complete collection of the trading times in a day, G = {t 0 , t 1 , · · · , t n }, with t 0 = 0 and t n = T . Let {y t j } be the logarithmic price of a financial asset observed at time t j , t j ∈ G. Also let H be a subset of G, with sample size n sparse , n sparse ≤ n. The standard RV 2 , realized variance, is then calculated as the sum of the squared returns within that day:
where t j and t j,+ are the adjacent elements in H, with t j < t j,+ . We obtain the standard RV by taking the square root of that in (1).
In the absence of market microstructure in the data, conventional RV in (1) is a consistent estimator of the daily variation of returns, as the sampling interval shrinks (Jacod and Protter, 1998) . However, empirical studies suggest that market microstructure noise is prevalent in high frequency data (Andersen and Bollerslev, 1998; Dacorogna et al., 2001) . As prices are sampled at finer interval, microstructure noise becomes progressively dominant and as a consequence, RV becomes increasingly unreliable with a bias inversely proportional to the sampling interval length (Zhang et al., 2005) . In the empirical finance literature, the sampling period is typically equal to or larger than 5 minutes in order to reduce the impact of microstructure noise.
Following this literature, we choose five-minute sampling intervals to compute the daily RV measure using the intra-daily high frequency data. Zhang et al. (2005) proposed an approach to correct the microstructure bias by combining the RV estimators from two different time scales, resulting in two-scale realized volatility (TSRV). Specifically, TSRV is obtained by taking the square root of the two-scale realized variance, which is calculated as:
RV 2 1 is a special case of (3) with K = 1. Note that RV 2 K is the realized variance based on sampling every K-th price while RV 2 1 is the RV based on all available prices in G. Our preliminary analysis show that the estimated TSRVs are fairly robust to the choice of K, especially when K is equal to or greater than 200. We choose K = 200 in our calculation.
(iii) GARCH Model and Its Extensions
Generalized autoregressive conditional heteroscedasticity (GARCH) model was proposed by Bollerslev (1986) . A GARCH(p,q) model assumes a form of:
where y t is the daily de-meaned returns of a financial asset, σ t the instantaneous volatility of the return process at time t, p the order of the ARCH term, q the order of the GARCH term. This model successfully describes most of the recognized stylized features in asset return series, as mentioned in Section 1.
A GARCH model can be extended by including realized volatility (RV or TSRV) and implied volatility (IV) in the variance equation, as follows,
(5) Estimation of the above models can be done through maximum likelihood estimation (Doornik and Ooms, 2003; Laurent and Peters, 2006) .
In Section 4 where forecasting performance is evaluated, we also consider a different type of extension to GARCH(1,1), namely, the fractional integrated GARCH(1,1) (FIGARCH(1,1)) model (Baillie et al., 1996) . This model is able to capture long memory property in the return volatility. The general form of a FIGARCH model can be written as:
where y t is the demeaned returns, ε t follows an i.i.d. standard normal distribution and B is the backshift operators defined as: Bx t = x t−1 . The fractional differencing parameter d is a non-integer real number. Similar to GARCH model and its extensions, a FIGARCH model can be estimated using the maximum likelihood method, and the G@rch package (Laurent and Peters, 2006) in Ox software is employed for estimation and forecasting procedures in this study.
(4) Stochastic Volatility Model and Its Extensions
A basic stochastic volatility (SV) model (Taylor, 1986 ) is in a form of:
where y t and σ 2 t are the de-meaned returns of a financial asset and its instantaneous variance, respectively, at time t. The noise processes ε t and η t are independent and follow i.i.d. standard normal distributions. The logarithm of the instantaneous variance h t has a persistence parameter ϕ, which is positive and takes a value less than 1. Similar to Koopman et al. (2005) , we extend SV model to include realized volatility and/or implied volatility as follows:
where M and N represent the maximum lags of realized volatility (RV or TSRV) and implied volatility (IV), respectively.
Gibbs sampler is used for estimating the SV-type models, as well as for obtaining predictions. In each case, 50,000 samples are generated, with 2,000 burn-in samples. The daily return data set and the intra-day high frequency data set are downloaded from Wharton Research Database Services (WRDS). The intra-daily high frequency data is the consolidated trades in the NYSE's TAQ database. When constructing the daily realized volatility (RV and TSRV) with the intra-day high frequency data set, we remove those prices with more than 1% bounceback, defined as
Data
and |y t i +1 − y t i | > 1% in additional to the conditions that the consecutive returns y t i − y t i−1 and y t i +1 − y t i hold opposite signs. Such incidents are often due to data recording errors.
Characteristics and Relationship of the Volatility Measures
When exploring the characteristics of different volatility measures, we used the implied volatility series published in www.Ivolatility.com, the estimated daily realized volatilities RV and TSRV, and the instantaneous daily volatility measures under GARCH(1,1) and basic SV model for the five stocks. Our findings for the five stocks are similar, so we only report that of Microsoft. Both theoretical and empirical literature have documented long-memory volatility property. Early work in this area includes Robinson (1991) and Ding et al. (1993) .
This long-range dependence in volatility process can often be characterized by certain fractional integration models where a fractional integrated process x t of order d can be transformed into a stationary process via fractional differencing. As its name suggests, In each figure, the first volatility measure leads the second one when the lags are positive; the second volatility measure leads the first one when the lags are negative the differencing parameter d is a non-integer real number. We apply the long memory R/S test proposed by Lo (1991) to each of the volatility processes, using 20 as the bandwidth for the cross variance. We also obtain the GPH fractional differencing estimator d using the methodology proposed by Geweke and Porter-Hudak (1983) . Tables 1 and 2 present the R/S statistics and the GPH estimates, respectively, for each of the five stocks' volatility measures. The empirical evidence in Section 2 suggests that fractional integration patterns exist in all the volatility series and the volatility measures have strong short-term and longterm cross-correlations. The extensions of GARCH and SV models in the literature, as cited in Section 1, either do not incorporate the rich information from the ultrahigh-frequency returns with microstructure noise correction, or fail to capture the long memory property in the return volatilities. As a consequence, the forecasting performance from these models is limited. We propose to model GARCH and SV return volatility jointly with realized volatility and implied volatility, using a vector fractionally integrated autoregressive and moving average model (VARFIMA). This model is able to capture the long memory characteristic property of the individual volatility measure, as well as the interactive relationship between each other. We will allow different differencing parameter d's to reflect different degrees of fractional integration among the volatility measures.
Without losing generality, a VARFIMA(p,d,q) model may be expressed as:
where y t is a de-meaned k × 1 vector consisting of k time series at time t. Here we assume M(B) to be a k×k diagonal matrix with diagonal elements being (1−B)
are matrix polynomials of order p and q of the backshift operator, respectively. The noise vector ε t is assumed to be Gaussian with ε t ∼ N ID(0, Σ). We implement two VARFIMA models in this paper with, both of three dimensional (k = 3):
VARFIMA I : jointly models the GARCH(1,1) instantaneous volatility, realized volatility and implied volatility.
VARFIMA II : jointly models the basic SV volatility, realized volatility, and implied volatility.
In both cases, we use the standard RV or the TSRV for realized volatility and compare the impacts of these two realized volatility estimators on the volatility fore-
casts. The corresponding models are hence labelled as Model I-RV and I-TSRV and
Model II-RV and II-TSRV, respectively. According to the AIC values in Table 3 , the best model I is VARFIMA(2,(0.91, 0.59, 0.81),1) and the best model II is VARFIMA(2,(0.98, 0.65, 0.91),1). We can see that the orders p and q do have certain effect on the fractional integration order.
To obtain more accurate coefficient estimation and to avoid model ambiguity often encountered in vector ARMA models (Tiao and Tsay, 1989; Tsay, 1989) , we employ a coefficient-refining procedure with fixed d i 's to zero-out the insignificant coefficients in the AR and MA coefficient matrices. Specifically, with fixed d i 's, a backward elimination procedure is used to remove insignificant coefficients one at a time with models re-estimated iteratively, until all remaining coefficients are significant at 5% level.
The estimated AR and MA coefficient matrices with their standard errors, as well as the estimated covariance matrix for the error term in our VARFIMA model, from both model I and II are given below. As is showed in the estimated coefficient matri-ces, even though many of the coefficients are zeroed out due to their insignificance, the estimated significant coefficients do reflect the inter-and cross-correlation among the three different volatility measures in both model I and model II. Specifically, for model I, the non-zero lag-1 AR and MA coefficients are only related to realized volatility, except the MA (1) 
Volatility Forecasting
The practical relevance of sophisticated volatility modelling to a large extent hinges on its forecasting performance. In practice, volatility forecasting is very important due to its close relation to asset pricing, derivatives' pricing and trading, and risk management. For example, in derivative trading, volatility swap, volatility corridor and variance swap are traded in the over-the-counter market every day. Better forecasts of an asset's return volatility can help practitioners gauge market trend and make a more intelligent trading decision. In risk management, reliable and longhorizon volatility forecasts make risk assessment and management feasible, both from regulators and financial institutions' viewpoints.
Based on an estimated VARFIMA(p,d,q) model for the volatility series, we can obtain volatility forecast through standard methods. Specifically, based on model (9), we have:
where I is a k × k identity matrix. Note that the expression (I − M(B))y t+ does not involve y t+ . By taking expectations on both sides, the predictorŷ t+ can be easily obtained (Box et al., 2008) through the following rules: E(y t+j ) = y t+j for j ≤ 0, E(y t+j ) =ŷ t (j) for 0 < j ≤ , whereŷ t (j) represents the j-step ahead forecastedŷ t at time t; E(ε t+j ) = 0 for j > 0, and E(ε t+j ) =ε t+j for j ≤ 0 (the estimated residuals), and (1 − B)
is approximated by the finite summation using only available data.
We shall compare the forecasting power of different volatility models, including VARFIMA I, VARFIMA II (the number of dimension is k = 3), as well as the GARCH(1,1) and basic SV model together with their extensions as specified in Section 2. Note that for model VARFIMA I, we evaluate the forecasting performance of the GARCH volatility, and for model VARFIMA II, we evaluate the forecasting performance of the SV volatility.
It is well known that the microstructure noise is prominent in the intra-daily high frequency data, hence presents a concern in estimating the daily realized volatility.
Since the TSRV is constructed to remove the effect of the microstructure noise on volatility estimation, we shall be particularly interested in the impacts of including RV versus TSRV on our VARFIMA(p,d,q) forecasts.
We focus on one-day and five-day forecasts of return volatility, which are widely followed in practice, to investigate the forecasting power of our approach. Specifically, we perform out-of-sample rolling forecasting with a total of 251 one-day and In addition, we also obtained out-of-sample one-day ahead and five-day ahead volatility forecasts using the basic GARCH(1,1) and SV model, as well as the extend GARCH and SV models expressed in (2) and (4) with lag-1 realized volatility and implied volatility included in the variance and log-variance equations, respectively. Furthermore, we derived the volatility forecasts from the FIGARCH (1,1) model. Whenever realized volatility is involved, both RV and TSRV are considered.
Following Andersen and Bollerslev (1998) , we treat the daily realized volatility obtained from the intra-daily high frequency data as the true return volatility. Specifically we use the daily TSRV, instead of the standard RV, as the benchmark of the daily return volatility, as TSRV is a more precise estimator (Zhang et al., 2005) .
To evaluate the forecasting performance of different models, we used three criteria:
regression R 2 , heteroscedasticity-adjusted root mean squared error (HRMSE), and heteroscedasticity-adjusted mean absolute error (HMAE). Specifically, Goodness-offit measured by R 2 is obtained by regressing the volatility benchmarkσ 2 t -in our case, TSRV -against the volatility forecastσ 2 t within the same time horizon. The R 2 is obtained using the OLS approach:
A higher R 2 suggests a higher proportion of the variation in the benchmark can be explained by the volatility forecast. HRMSE is computed as:
where M is the total number of the forecasts, = 1 or 5 depending on whether the forecast is one-day or five day ahead. Again,σ t andσ t are the benchmark TSRV and volatility forecast on day t, respectively. Different from the R HMAE is similar to HRMSE except that it uses mean absolute error. It is defined as:
Tables 4 and 5 compare the one-day-ahead and five-day-ahead forecasting performance, using all five stocks. Column A indicates whether standard RV or TSRV is used as a representative for realized volatility in different forecasting models (Columns C-I). Column B is about different forecasting evaluation criteria.
For both one-day forecasts (Table 4 ) and five-day forecasts (Table 5) , the VARFIMA models outperform the other models, yielding the highest R GARCH forecast (Column G) outperforms basic GARCH forecast (Column E), indicating that realized volatility and implied volatility bring in additional information in the GARCH forecast. Similarly, extended SV (Column H) has better forecasting power than basic SV (Column F). Second, the capability of capturing long-memory characteristic in volatility measure helps the forecasting. This is evident from the superior forecast of FIGARCH (Column I) over extended GARCH model (Column G). Also, the VARFIMA II (Column D) forecasts perform much better than the extended SV forecast. Third, overall enhancement in the forecast performance from FIGARCH to VARFIMA I (Column C) seems to indicate that joint modelling of the dynamic relations between different volatility measures has a gain. And finally, for any given volatility model, using the TSRV instead of the standard RV as the realized volatility estimator consistently improves the forecasting. This could be caused by two reasons: one is that TSRV is constructed from a much richer return series (i.e. tick-by-tick data) whereas the standard RV is calculated from a sparse return series (i.e. five-minute returns), the other reason is that TSRV is a more precise volatility measure in the sense that it corrects the bias from the microstructure noise whereas standard RV is vulnerable to the microstructure noise in the high frequency data.
Conclusions
In this study, we proposed a vector ARFIMA model to capture the long memory and cross-correlation of different volatility measures of a financial return series. The volatility measures involved in our VARFIMA model are the volatility generated from the GARCH(1,1) model, the volatility generated from the basic SV model, two realized volatility estimators (RV and TSRV) constructed from intra-daily high frequency data set, and the implied volatility. In an out-of-sample forecasting comparison, the proposed vector model outperforms some existing volatility models in the literature, including GARCH(1,1) and its extension, basic SV and its extension, as well as FIGARCH(1,1). Our VARFIMA model has three attractive features: (a) it successfully captures the long memory properties in the volatility process; (b) it incorporates richer information from options market (through implied volatility) and from intra-daily tick-by-tick data (through TSRV), meanwhile it is shielded from the microstructure noise in the intra-daily data; and (c) it jointly models the dynamic inter-day relations between different volatility measures. Our data analysis suggests that all above features contribute to a better volatility forecast.
